This paper concerns the traveling wave formation in macroscopic traffic flow models. The dynamics involved in this problem is described following a close analogy to compressible fluid dynamics. It is well known that vehicle clusters appear along a highway when the homogenous steady state taken as a reference is linearly unstable. The cluster properties are determined in an approximate way in terms of the parameters proper to each model and are compared between them.
Introduction
The study of density waves in traffic flow has constituted a subject of interest mainly in relation to the cluster formation. Clusters appear in real traffic only under certain conditions, then it is interesting to understand the mechanisms inducing such a phenomenon. Microscopic models such as the car-following models have studied numerically the structure as well as the conditions under which traveling waves can be formed, see for example [1] [2] [3] . On the other hand, we know that the microscopic approach is not the only one to study traffic flow phenomena. The macroscopic traffic flow models represent a possible approach when applied to study vehicle behavior in a highway. The development of such models can be done either in a phenomenological way [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] or taking as a starting point a kinetic equation [14] [15] [16] [17] from which the macroscopic equations can be obtained. Besides, the car-following class of models can be written as continuum equations [18] which share the structure of most macroscopic models. In general, these models are based on an analogy between compressible flow in a Navier-Stokes fluid and the traffic flow, but no matter their origin the structure is similar to compressible flow equations. The models written in this way have the advantage of being worked in terms of partial differential equations and, there are several numerical schemes to perform simulations [19] . Most macroscopic models have been studied to understand the appearance of the main traffic characteristics in closed circuits and some experiments have also been done [20] . All those models share some properties such as, the continuity equation and the equation of motion to describe the speed behavior and in general, the structure of balance equations. Though in some cases we can choose some additional variables such as the speed variance [13, 15, 17] , both in the phenomenological or in the kinetic approach. Besides their origin, it is interesting to study the behavior predicted by the dynamics proposed by them. In particular, we are interested in the cluster formation, the conditions under which they can appear and, their characteristics. According to the modern traffic flow theory [21] [22] [23] the clusters appearing as a consequence of free flow instability correspond to what is called wide moving jams (J). It has been shown that the models based on the fundamental diagram (GM models) produce a transition F J  , when the free flow becomes unstable. Also, such models present the homogeneous congested traffic state (HCT), which corresponds to homogeneous traffic at the high density region. Most GM models share the presence of HCT states, a characteristic which in fact, seems not to be present in real traffic. This property is not present in the Helbing's improved model [13] , though it is based on the fundamental diagram. Our study will be focused on macroscopic models with three and two variables to be determined by the dynamics. In the first place we have the Helbing's improved model (model H) [13] with the density, the speed and the speed variance as relevant variables. In a second step we have studied the Kerner-Konhäuser model (model K) [8, 9] and the continuum car-following model (model CCF) as constructed by Berg and Woods [24] , both describe the problem in terms of the density and the speed. All these models consider different pieces of information to be determined empirically, such as the fundamental diagram, the relaxation time or sensibility factor in the case of the CCF model, size of vehicles, safe distance, etc. The number of dy-namical variables depends on the model complexity and the traffic characteristics they want to describe. It should be noticed that the model by Kerner-Konhäuser has represented a prototype for this kind of studies [8] , since it can reproduce some qualitative properties of traffic flow. It has been shown that, under unstable conditions the models similar to it produce traveling waves with the soliton structure [25] [26] [27] [28] . With this perspective in mind, it becomes interesting to study the presence of solitons in the other macroscopic models and show that they also share some characteristics even in the linearly unstable region. In particular, the contrast between model H with models K and CCF will be emphasized. In Section 2 we will point some general characteristics of the macroscopic models as well as the initial and boundary conditions. Section 3 will be devoted to the Helbing's improved model and the formation of a soliton is shown. The Section 4 concerns the common characteristics of models K and CCF. Section 5 leads with the iterative method followed to obtain an approximate solution representing a soliton in the highway, whereas in Section 6 the clusters obtained with the three models are compared. Some concluding remarks are given in the last section.
Common Features in the Macroscopic Models
The macroscopic traffic flow models, called as GM models, consider the motion of vehicles in highways as the compressible flow of a fluid. This means that the number of vehicles is large enough to consider the system as a continuum, in contrast with microscopic models where each vehicle is followed in its motion. The continuum approach describes the dynamics in the system by means of averaged variables such as the density   , x t  , the speed , the speed variance
and, some others. The number of macroscopic variables needed to understand the behavior varies according to the level of description we want to give. It should be noted that we consider all vehicles traveling in one direction, along a highway with one lane, this fact makes the problem one-dimensional. Also, we consider the motion in a closed circuit in order to have periodic boundary conditions. In this work we will consider three models [8, 13, 18] , which share the structure of the balance equations for the relevant variables. First of all, we have the continuity equation for the density
valid for the three models. The average speed satisfies a balance equation, in the case of models coming from a direct analogy with Navier-Stokes compressible fluid mechanics, such as the Helbing's improved model (H) and the Kerner-Konhäuser model (K), it means
where   , P x t is the traffic pressure and  the average relaxation time. In the case of the model called as Continuum Car-Following (CCF) it comes from a discrete traffic model, in such a case the speed equation shares the structure, but it cannot be written as in Equation (2) as emphasized in Section 4. Model H also considers the speed variance dynamics as relevant in the description, it has the structure of a usual balance equation and will be given afterwards. All these models have the contribution coming from the fundamental diagram   e V  , which represents the speed profile to which the drivers tend with a relaxation time given by  . The fundamental diagram gives us a relation between the speed and the density when the system is in a homogeneous steady state. It considers all values between zero and their maximums in the speed and the density, meaning that such a relation exists even in the congested traffic region. It seems that this hypothesis is responsible for the lack of transition from free to synchronized phase F S  V , in GM models. The fundamental diagram, as well as the relaxation time are taken from the empirical observations. The models studied here will take the speed e given by the fundamental diagram which tends to the maximum speed max allowed in the highway at low densities and, tends to zero when the density is near the maximum density max V  determined by the bumper-to-bumper distance. In this work we will take the usual correlation for the fundamental diagram [8, 9] which is given as . The boundary conditions to simulate the solution are taken as periodic
they correspond to a closed circuit with a length given as . On the other hand, the initial conditions are chosen as follows 
 
The linear stability conditions associated to this state give us a way to begin the study of the mathematical properties contained in them. The linear stability conditions in these models are studied by means of a linearization of the equations of motion around the homogeneous steady state (called as the equilibrium state), then
where ,V    and do not depend on position and time, is the wave vector and   .The stability conditions determined in this way will be different for each model and they will be discussed in each particular case. When the density e  is chosen in the stable region, the perturbations around it decrease and the vehicles recover the homogenous steady state. On the other hand, if we are working in the unstable region, the perturbations grow and it is necessary to go into a deeper analysis.
Helbing's Improved Model (H)
To begin our treatment, we consider the macroscopic model introduced by Helbing in 1995 [13] to overcome some difficulties presented by the Kerner-Konhäuser model [8, 9] . In particular it was found that model K presents some problems concerning a density greater than the maximum value for certain parameter values. Instead of such behavior, the Helbing's improved model does not have such undesirable properties. It shares the continuity and the speed equations with the Kerner-Konhäuser's model, Equations (1)- (2). Model H also considers the speed variance
as a relevant variable and its evolution is determined by
where the traffic pressure is proposed with a viscosity coefficient 0  and, a size correction for vehicles
is the vehicle length and
is the preferred headway of the driver, in such a way that V T  represents a safe distance. These assumptions drive to a traffic pressure given as
Notice that the traffic pressure resembles the corresponding Navier-Newton constitutive equation, where we have a term playing the role of the hydrostatic pressure, a viscosity coefficient with a size correction and, the speed gradient. On the other hand, the quantity   , J x t in Equation (10) 
the dimensionless variance prefactor is taken from correlations based on the empirical observations [29] , 
where we have written 
and it is determined by the characteristics in the fundamental diagram. When we take the expression given in Equation (3), we can see that can be positive or negative as a function of c . e  The negative value of the imaginary parts for the three roots in Equation (15) is shown in Figure 1 . Equations (15) deserve some comments, first of all, they were calculated up to second order in the wave vector, meaning that they are approximated and only the leading terms are given. Second, the leading term in the real part of root 1  goes as and it must be negative to have stability in the equilibrium state, otherwise this state is unstable. Hence, the stability condition is written as
e e e e e e e e e V s T As a third comment, we notice that the real parts in roots 2 3 ,   define a time scale proportional to  , which does not tend to zero in the limit when . As a summary, the real parts in the dispersion relation roots, define two time scales in the problem, one of them determines the stability and the other one 0 k    is given according to the model. When the stability condition is satisfied as an equality we obtain marginal stability.
In this model, the marginal stability reduces to a point corresponding to an equilibrium density 11.7326 veh km e  
. It means that for densities 11.7326 veh km , e   the homogeneous steady state is not linearly stable. In this point, it is important to emphasize that in model H, the homogeneous congested traffic state (HCT) is not present. This characteristic makes model H different from other GM models, where the stability region is bounded by a coexistence curve allowing a HCT state at high densities.
The simulation is done according to the expressions given in Section 2, with the following data where it is permanent. The density profile corresponding to 10.0 min t  describes the transient behavior, whereas the profile in presents the structure of a wide moving jam in a highway. Figure 3 shows the typical behavior for the speed variance obtained from the numerical simulation.
m t  in
It is important to notice that the density e  chosen to implement the simulation corresponds to the linearly unstable region. As a result we have obtained a density profile in which the maximum density is less than max 
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and the speed is always positive. This result means that once the perturbation has occurred it grows and then, after a transient time interval, a permanent density profile is obtained. Also, the presence of this profile indicates a cluster (J) formation propagating along the highway. The cluster speed measured shows that it remains constant, once the traveling wave has acquired its permanent profile. The data given in the simulation imply the existence of a cluster traveling upstream with a constant speed 6.0 km h . Lastly, the characteristics of the cluster, such as the amplitude and width depend on the values taken for the model parameters, as will be shown in Section 6. As a second example, in Figure 4 it is shown the temporal evolution of the density profile when 35.0 veh km e  
, which corresponds to a denser case in the unstable region. Also, the speed s c increases, the perturbation travels upstream and, the simulation results show 7.2 km h s c  . The density profiles taken at different times show the same qualitative behavior as in the case given before. However the permanent density profile becomes slightly wider than in the previous case. This result is clear taking into account that we have taken 
Second Order Models (K, CCF)
Let us consider two macroscopic models which share the continuity and speed equations of motion, but do not consider the speed variance as determined by the dynamics.
The Kerner-Konhäuser Model (K)
In this model the traffic pressure is given according to a close analogy with fluid mechanics, in fact it corresponds to a particular case in model H. It is obtained when we neglect the size of vehicles, take a constant value for the speed variance, 0  in the traffic pressure and a viscosity 0  . Then the traffic pressure is given as
and it resembles to the Navier-Newton constitutive equation for a viscous fluid. In our case the coefficient 0  is the analogous of the bulk viscosity, due to the compressible character in the flow. The first term is the analogous of the hydrostatic pressure and, in this case is represented by the term 0  .The direct substitution of the traffic pressure in Equation (2) gives us
where we can see in a clear way the analogy with the Navier-Stokes equation. Notice that the speed variance is not taken as a relevant variable, then we only need two equations of motion to describe the system. According to the stability considerations given in Section 2, we linearize the set of Equations (1), (19) around the equilibrium state and calculate the real parts of roots
Re ,
The imaginary parts of roots   Im to lowest order in the wave vector are given as ck
, where gives us the propagation of long wave length perturbation waves, its behavior can be seen in Figure 1 .
The results shown in Equations (20), (21) show us immediately that in this model there exist two time scales, one is determined by the relaxation time  and the other one depends on the fundamental diagram and the value for the variance 0  . Besides they depend on the wave vector. In fact, Equation (20) As a second step in the K model analysis, we recall that the stability regions are determined within the frame on the linearization of the equations of motion. It means that beyond the linear regime, this analysis cannot be taken. In fact, the present instabilities do not show themselves when we simulate the complete model, even when we work around densities e  chosen in the unstable region.
The numerical simulation of this model starts with the initial conditions shown in Equations (5), (6) . Also, we take periodic boundary conditions for the density and the speed, as given in Equation (4) . Figure 6 shows the results for and respectively. We observe that after a transient, the density presents a permanent profile representing an upstream traveling wave with constant speed given as 10.0 min t  100.0 min t 
km h .
In all cases the speed and density profiles are coupled closely. The maximum (minimum) in density corresponds to a minimum (maximum) in the speed.
Continuum Car-Following Model (CCF)
There are several microscopic models to study traffic flow, one of the most common class corresponds to the car-following structure. Though these models follow each vehicle while they are moving, Berg, et al. [18] constructed their continuum version. The main idea behind this method was to write the headway in terms of the density and its derivatives. With such a method it is possible to write the average speed equation as a continuum equation, which is given as
where we have written the relaxation time  instead of the sensibility factor 1 , a   as it is usual in this model. Equation (22) can also be written in a similar way as the Navier-Stokes equation,
In contrast with the model K, now we have density dependence in the term equivalent to the hydrostatic pressure while the viscosity term depends on the density gradient instead of the speed gradient. In spite of these differences, the structure of the equation contains the same characteristics as Equation (19) . The linear stability analysis can be done with the same procedure to obtain
where it is shown the two time scales and quantity is c given in Equation (16) . Consequently we also have a coexistence curve separating the space according to the stability characteristics. Figure 7 shows the regions in the space  ,1 e    . On the other hand, the imaginary part of roots 1, 2  determines the propagation speed of long wave length perturbations and, they are given as . Later on we will show that this model presents the same qualitative behavior as model K, due to the existence of the two time scales we have found in Equations (24), (25) .
We remark that models K and CCF have a coexistence curve which bounds the instability region. Stability occurs outside the marginal stability curve shown in Figures 5, 7 giving place to the HCT states at the high density region.
The Iterative Method
A way to go further in the search for an explanation to this behavior, is provided by the method proposed by Berg and Woods [18] . By means of an iterative procedure it is possible to calculate approximately the flux defined as
, , Q x t this method allows the identification of a traveling wave with the properties of a soliton. The main idea behind the approximation is based on the existence of several time scales in the problem [31] . In particular, the three models we have presented have two time scales given through the relaxation time  and the characteristics in the fundamental diagram. Those time scales are separated clearly due to the fact that one of them is determined by experimental data and the other has a dependence. Now, let us apply the iterative procedure to the models presented above. 
Soliton Characteristics
To compare the results obtained let us define the soliton width, with respect to its center, and in terms of the density profile along the highway length,
. d 
